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1. History
Already in 1931 F. Sauter [1] realized that Dirac’s theory of the electron predicts that an electric
field of sufficient strength and extent can induce spontaneous creation of electron – positron pairs
from the vacuum. Naively, a virtual pair turns real by separating out along the field and drawing
a sufficient amount of energy from it to make up for both rest mass energies (fig. 1).
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FIG. 1: Pair production as the separation of a virtual vacuum dipole pair under the influence of an external electric field.
building on earlier work of Sauter [18]. This result sets a basic scale of a critical field strength and intensity near
which we expect to observe such nonperturbative effects:
Ec = m
2c3
e h¯
≈ 1016 V/cm
Ic =
c
8pi
E2c ≈ 4× 1029 W/cm2 (1.4)
As a useful guiding analogy, recall Oppenheimer’s computation [19] of the probability of ionization of an atom of
binding energy Eb in such a uniform electric field:
Pionization ∼ exp
[
−4
3
√
2mE
3/2
b
eEh¯
]
. (1.5)
Taking as a representative atomic energy scale the binding energy of hydrogen, Eb =
me4
2h¯2
≈ 13.6 eV, we find
P hydrogen ∼ exp
[
−2
3
m2 e5
E h¯4
]
. (1.6)
This result sets a basic scale of field strength and intensity near which we expect to observe such nonperturbative
ionization effects in atomic systems:
E ionizationc =
m2e5
h¯4
= α3Ec ≈ 4× 109 V/cm
I ionizationc = α
6Ic ≈ 6× 1016 W/cm2 (1.7)
These, indeed, are the familiar scales of atomic ionization experiments. Note that E ionizationc differs from Ec by a factor
of α3 ∼ 4 × 10−7. These simple estimates explain why vacuum pair production has not yet been observed – it is an
astonishingly weak effect with conventional lasers [20, 21]. This is because it is primarily a non-perturbative effect,
that depends exponentially on the (inverse) electric field strength, and there is a factor of ∼ 107 difference between
the critical field scales in the atomic regime and in the vacuum pair production regime. Thus, with standard lasers
that can routinely probe ionization, there is no hope to see vacuum pair production. However, recent technological
advances in laser science, and also in theoretical refinements of the Heisenberg-Euler computation, suggest that lasers
such as those planned for ELI may be able to reach this elusive nonperturbative regime. This has the potential to open
up an entirely new domain of experiments, with the prospect of fundamental discoveries and practical applications,
as are described in many talks in this conference.
II. THE QED EFFECTIVE ACTION
In quantum field theory, the key object that encodes vacuum polarization corrections to classical Maxwell electro-
dynamics is the ”effective action” Γ[A], which is a functional of the applied classical gauge field Aµ(x) [22, 23, 24].
The effective action is the relativistic quantum field theory analogue of the grand potential of statistical physics, in
the sense that it contains a wealth of information about the quantum system: here, the nonlinear properties of the
quantum vacuum. For example, the polarization tensor Πµν =
δ2Γ
δAµδAν
contains the electric permittivity $ij and the
magnetic permeability µij of the quantum vacuum, and is obtained by varying the effective action Γ[A] with respect
Figure 1. Pair creation by an exter al field.
Twenty years later, J. Schwinger [2] used the more advanced methods then available to
obtain his famous formulas for the imaginary parts of the one-loop effective actions in a constant
homogeneous field, for both spinor and scalar QED:
ImL(1)spin(E) =
m4
8pi3
β2
∞∑
n=1
1
n2
exp
[
−pin
β
]
(1.1)
ImL(1)scal(E) = −
m4
16pi3
β2
∞∑
n=1
(−1)n
n2
exp
[
−pin
β
]
(1.2)
(β = eE
m2
; the upper index o L refers to the loop order). For low pair creation rates,
these imaginary parts relate directly to the pair creation rate per volume w, namely one has
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w ≈ 2ImL. Schwinger’s formulas (1.1),(1.2) are written in terms of an infinite sum of “Schwinger
exponentials”, where the nth term relates to the coherent production of n pairs by the field.
Their dependence on the field strength is nonperturbative, which confirms Sauter’s picture of the
pair production as a tunneling process. Unfortunately, this also implies that the pair creation
rate is exponentially small for E  Ecr := 1016V/cm. Until recently, macroscopic fields of this
strength were considered unattainable. However, this has changed due to the rapid evolution
of laser technology. Presently there are various lasers in planning or operation, e.g. POLARIS
[3], ELI [4] and XFEL [5], whose maximum field strength falls only a few orders of magnitude
short of Ecr (only about one order of magnitude in the case of XFEL). This has led to a number
of attempts to bring down the pair creation threshold by a superposition of various optical or
X-ray beams; to mention just two recent proposals, counterpropagating linearly polarized lasers
were considered in [6] and the superposition of a plane-wave X-ray beam with a strongly focused
optical laser pulse in [7]. Obviously, such configurations have field strengths very far from
the constant homogeneous case considered by Schwinger, and there is little hope for an exact
calculation of the associated pair creation rates; approximation methods will have to be used.
The tunnel effect picture suggest the use of WKB, and this is indeed the method which in the
past has been almost universally used for the calculation of pair creation rates in nonconstant
fields; see, e.g., [8, 9, 10, 11, 12].
The subject of this talk, the worldline instanton method, is related to the WKB
approximation, but closer in spirit to modern relativistic quantum field theory, which leads
to certain advantages. This approach was invented in 1982 by I. K. Affleck, O. Alvarez and N.
S. Manton [13] (“AAM” in the following) for the case of a constant field in scalar QED, using
Feynman’s worldline representation of the scalar QED effective action [14]. In the quenched
(single scalar loop) approximation, this representation is
Γscal[A] =
∫
d4xL(A) =
∫ ∞
0
dT
T
e−m
2T
∫
x(T )=x(0)
Dx(τ) e−S[x(τ)] (1.3)
Here m and T are the mass and proper time of the loop scalar, and the path integral
∫ Dx(τ) is
over closed trajectories in (Euclidean) spacetime with a worldline action S[x(τ)] that has three
parts:
S = S0 + Sext + Sint (1.4)
where
S0 =
∫ T
0
dτ
x˙2
4
Sext = ie
∫ T
0
x˙µAµ(x(τ))
Sint = − e
2
8pi2
∫ T
0
dτ1
∫ T
0
dτ2
x˙(τ1) · x˙(τ2)
(x(τ1)− x(τ2))2 (1.5)
S0 describes the free propagation of the scalar particle, Sext its interaction with the background
field, and Sint internal photon exchanges in the loop.
The basic idea is to calculate the path integral by a stationary phase approximation. We will
carry it through first at the one-loop level.
2. One-loop QED
The one-loop effective action is obtained from (1.3) by omitting Sint,
Γ
(1)
scal[A] =
∫ ∞
0
dT
T
e−m
2T
∫
Dx e−
∫ T
0
dτ( x˙
2
4
+ieA·x˙) (2.1)
Rescaling τ = Tu, this becomes
Γ
(1)
scal[A] =
∫ ∞
0
dT
T
e−m
2T
∫
Dx e−
(
1
T
∫ 1
0
du x˙2+ie
∫ 1
0
duA·x˙
)
(2.2)
This makes it apparent that the T integral has a stationary point at Tc =
√∫ 1
0 du x˙
2/m. If we
are only interested in the imaginary part of the effective action at large mass, we can use this
stationary point to eliminate the T integral, yielding
ImΓ
(1)
scal[A] =
1
m
√
2pi
Tc
Im
∫
Dx e−
(
m
√∫
du x˙2+ie
∫ 1
0
duA·x˙
)
(2.3)
The new worldline action,
S = m
√∫ 1
0
du x˙2 + ie
∫ 1
0
duA · x˙ (2.4)
is stationary if
m
x¨µ√∫ 1
0 du x˙
2
= ieFµν x˙ν (2.5)
Contracting this equation with x˙µ shows that x˙2 = const. ≡ a2, so that mx¨µ = ieaFµν x˙ν . Thus
the extremal action trajectory xcl(u), to be called worldline instanton, is simply a periodic
solution of the Lorentz force equation. The semiclassical (large mass) approximation becomes
ImL(E) ∼ e−S[xcl] (2.6)
In the case of a constant field E = (0, 0, E) considered by AAM, the worldline instanton turns
out to be a circle in the x3 − x4 plane, of radius m/eE and winding number n:
xcl(u) =
m
eE
(
x1, x2, cos(2npiu), sin(2npiu)
)
(2.7)
S[xcl] = npi
m2
eE
(2.8)
Thus the instanton action for winding number n reproduces the nth exponent in Schwinger’s
representation (1.2) of ImL(1)scal(E).
Worldline instantons for more general electric fields where obtained in [15]. As an example,
let us show the case of the “single-bump” field E(x3) = E sech
2(kx3). Here the nth instanton
solution is
x3(u) =
m
eE
1
γ˜
arcsinh
(
γ˜√
1− γ˜2 sin(2npiu)
)
x4(u) =
m
eE
1
γ˜
√
1− γ˜2 arcsin(γ˜ cos(2npiu)) (2.9)
where the parameter γ˜ ≡ mkeE is a measure for the inhomogeneity of the field. The instanton
action is
S[xcl] = n
m2pi
eE
(
2
1 +
√
1− γ˜2
)
(2.10)
For γ˜ → 0 one recovers the constant field instanton. With increasing γ˜ the instanton action
increases, which means that the associated pair creation rate goes down. For γ˜ > 1 the instanton
ceases to exist, in accordance with the fact that the maximal energy which can be extracted
from the field by a virtual pair drops below 2m. In fig. 2 the instanton trajectories are plotted
for various values of γ˜.
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FIG. 6: Instanton paths for the spatially inhomogeneous electric field E(x) = E sech2(kx) for
various values of the inhomogeneity parameter γ˜ defined in (60). As γ˜ → 0 we recover the circular
paths of the constant field case, but as γ˜ → 1 the loops become infinitely large.
the imaginary parts of the effective action in each case:
ImΓγ˜
ImΓ0
=
(
1− γ˜2
)5/4
exp
[
−m
2pi
eE
(
2
1 +
√
1− γ˜2 − 1
)]
(63)
This is plotted in Figure 8, and it compares very accurately with the numerically integrated
exact result of Nikishov [36] and with the recent numerical results of Gies et al (see Figure
3 in [32]).
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Figure 2. Plot of the instanton paths for the case E(x) = Esech2(kx).
In [16] a general method was developed to also calculate the prefactor of the instanton-
induced Schwinger exponential e−S[xcl], that is, the fluctuation determinant of the expansion
of the worldline path integral around the stationary trajectory. Including this prefactor for
the single-bump case one finds excellent numerical agreement [16] with an exact result by A.I.
Nikishov [17] and as well with a direct Monte Carlo integration of the worldline path integral
[18].
See [16] for some other cases where the instantons can be found in closed form, [19] for more
general classes of fields, and [15] for the extension to spinor QED.
3. Multiloop QED
As argued already by [13], the constant field worldline instantons (2.7) remain stationary
trajectories even in the presence of photon insertions. Evaluating the photon insertion term
Sint on the principal (n = 1) trajectory gives the following all-loop formula for the imaginary
part of the effective Lagrangian in the large mass (= weak field) approximation:
ImLscal(E) =
∞∑
l=1
ImL(l)scal(E)
β→0∼ m
4β2
8pi3
exp
[
−pi
β
+ αpi
]
= L(1)scal eαpi (3.1)
This formula is rather remarkable, since in terms of standard field theory it corresponds to a
summation of the infinite set of Feynman diagrams shown in fig. 3:
Number of external legs
Number of loops 4 6 8 · · ·
1 · · ·
2 · · · · · ·
3 · · · . . . ...
...
...
. . .
. . .
...
Figure 1: Diagrams contributing to ImL(all−loop)scal (E) in the weak-field limit.
Moreover, the mass appearing in (1.15) is argued to be still the physical
renormalized mass, which means that the above figure should strictly speak-
ing include also the mass renormalization counter diagrams which appear in
EHL calculations starting from two loops.
The derivation given in [33] is very simple, if formal. Based on a station-
ary path approximation of Feynman’s worldline path integral representation
[34] of Lscal(E), it actually uses only a one-loop semiclassical trajectory, and
arguments that this trajectory remains valid in the presence of virtual pho-
ton insertions. This also implies that non-quenched diagrams do not con-
tribute in the limit (1.15), which is why we have shown only the quenched
ones in fig. 1.
Although the derivation of (1.15) in [33] cannot be considered rigorous,
an independent heuristic derivation of (1.15), as well as extension to the
spinor QED case (with the same factor of eαpi) was given by Lebedev and
Ritus [31] through the consideration of higher-order corrections to the pair
creation energy in the vacuum tunneling picture. At the two-loop level,
(1.15) and its spinor QED extension state that
6
Figure 3. Feynman diagrams contributing to the AAM formula.
Moreove , the mass in (3.1) is the physical mass [13], s that fig. 3 effectively includes also an
infi ite set of mas renormaliz tion count rdiagrams.
In 1984, S. L. L bedev a d V. I. Ritus [20, 21] obtained the sam exponentiation by an
analysis of the correctio s due to ph ton exchanges in Sauter’s tunnelling picture, for both
scalar and spinor QED. They also confir ed this eαpi factor to linear order in α by a direct
calculation of L(2)spin(E).
Apart from the Schwinger pair cre tion effect, the AAM formula (3.1) and its spinor QED
equivalent hold also interesting information on the multiloop QED photon amplitudes, in the
limit of low photon energy and large photon number. This information can be extracted using
Borel dispersion relations [22, 23], which allows one to show, for example, that the large N
behaviour of these amplitudes for l ≥ 2 is dominated by the one-fermion loop contributions,
and qualitatively different for physical and generic mass renormalization. More interestingly, it
suggests that the QED perturbation series may converge for the one-fermion loop contributions
to the N – photon amplitudes [23, 24, 25, 26]. If correct, this would extend an old conjecture
by P. Cvitanovic [27] for the g − 2 factor.
4. One-loop open string theory
At the one-loop level, pair creation by a constant homogeneous electric field has also been studied
for string theory, both for the open [28, 29] and the heterotic string [29]. For the open string
case, C. Bachas and M. Porrati [29] obtained the following formula for the imaginary part of
the effective action:
ImL(1)string(E) =
1
4(2pi)D−1
∑
states S
β1 + β2
pi
∞∑
n=1
(−)n+1
( ||
n
)D/2
exp
(
−pin|| (M
2
S + 
2)
)
(4.1)
Here the first sum is over the physical states of the bosonic string, with MS the mass of the
state. The second sum is a Schwinger-type sum. D = 26 is the critical dimension for the open
string. We have defined
β1,2 = piq1,2E (4.2)
where q1,2 are the U(1) charges at the string endpoints, and
 =
1
pi
(
arctanhβ1 + arctanhβ2
)
(4.3)
In the weak field limit, (4.1) reproduces the scalar Schwinger formula (1.2), as well as its
generalization to arbitrary integer spin J . For stronger fields the right hand grows much faster
than for the particle case, and even diverges at a critical field strength
Ecr =
1
pi |max qi| (4.4)
Presumably this means that a field of this strength would break the string apart.
We will now show how to reproduce, in the large mass limit, the Schwinger exponents in the
open-string result of (4.1) by a worldsheet instanton which is a natural generalization of the
AAM worldline instanton (2.7) [30].
To write down a path integral for the open string at one-loop in an external Maxwell field,
one has to replace the particle loop by a string annulus and insert the interaction term Sext of
(1.5) on both boundaries of the loop, with the charge e replaced by q1,2 (we assume q1 6= q2
to exclude the Mo¨bius strip contribution to the amplitude). The effective action becomes, in
conformal gauge,
Γ
(1)
string[F ] =
1
2
∫ ∞
0
dT
T
(4pi2T )−
D
2 Z(T )
∫
Dx e−SE [x,F ] (4.5)
where the path integral is over the embeddings of the annulus at fixed T into D - dimensional
flat space. The worldsheet action is
SE =
1
4piα′
∫
dσdτ ∂ax
µ∂axµ − iq1
2
∫
dτ xµ∂τx
νFµν
∣∣∣
σ=0
− iq2
2
∫
dτ xµ∂τx
νFµν
∣∣∣
σ= 1
2
(4.6)
Here α′ is the Regge slope, which will be set equal to 12 in the following. The worldsheet is
parametrized as a rectangle σ ∈ [0, 12 ] and τ ∈ [0, T ] where τ = T is identified with τ = 0. We
use euclidean conventions where σ0 = −iσ2 = −iτ , x0 = −ixD, and AD = −iA0. Z(T ) is the
partition function,
Z(T ) =
∑
oriented states
e−piTM
2
S (4.7)
Let us now consider the constant electric field case, FD,D−1 = −FD−1,D = iE. We rescale
τ = Tu and do the T - integral by the method of steepest descent. The stationary point is
T0 =
√
Iu
Iσ + 2pi2M2S
(4.8)
where
Iσ :=
∫ 1
0
du
∫ 1
2
0
dσ ∂σx
µ∂σxµ
Iu :=
∫ 1
0
du
∫ 1
2
0
dσ ∂ux
µ∂uxµ (4.9)
The new worldsheet action is
Seff =
1
pi
√
Iu
√
Iσ + 2pi2M2S − i
q1
2
∫
dτ xµ∂τx
νFµν
∣∣∣
σ=0
− iq2
2
∫
dτ xµ∂τx
νFµν
∣∣∣
σ= 1
2
(4.10)
It leads to the equations of motion
[
Iu∂
2
σ + (Iσ + 2pi
2M2S)∂
2
u
]
xµ = 0
T0∂σx
µ = ipiq2Fµν∂ux
ν (σ =
1
2
)
T0∂σx
µ = −ipiq1Fµν∂uxν (σ = 0)
(4.11)
The nth worldsheet instanton solving these equations is found by the ansatz
xD−1n =
2piMS
|a| cos(2pinu) cosh(b− aσ)
xDn =
2piMS
|a| sin(2pinu) cosh(b− aσ) (4.12)
(with the remaining coordinates constants). We take equal signs for n and a. Plugging this
ansatz into (4.11) one finds that all the parameters can be determined, namely
T0 =
2pin
a
b = arctanhβ1
a = 2
(
arctanhβ1 + arctanhβ2
)
N =
2piMS
|a|
(4.13)
This yields the worldsheet action
S[xµ] = 2pi2M2S
n
a
(4.14)
Noting that a = 2pi this correctly reproduces the exponents of the Bachas-Porrati formula (4.1)
in the large MS limit. The method of calculation is, however, substantially simpler than the
ones applied in [28] and [29]. Thus we hope that this worldsheet instanton technique will make
it feasible to obtain string pair creation rates also for certain classes of nonconstant electric
fields. An interesting aspect of the constant field instanton (4.12) is, that its restriction to each
boundary coincides with the worldline instanton (2.7). It is not clear whether this property
may extend to more general fields, but if so it would greatly facilitate finding the corresponding
worldsheet instantons.
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